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INTRODUCTION 
I n  r e c e n t  y e a r s  a growing i n t e r e s t  h a s  developed i n  incoherent  o p t i c a l  p rocess ing  
( r e f .  1). A s  t h e  i n v e n t i o n  of t h e  laser w a s  an important  f o r c e  i n  coherent  o p t i c s ,  
t h e  advent of f a s t  and ve ry  compact s o l i d  s t a t e  l i g h t  sou rces  is a major f o r c e  be- 
h ind  t h i s  i n t e r e s t .  
Incoherent  o p t i c a l  p rocess ing  has  indeed s e v e r a l  appea l ing  c h a r a c t e r i s t i c s ,  
namely h ighe r  immunity t o  o p t i c a l  n o i s e  and reduced dynamic range requirements  than 
coherent  process ing  as w e l l  as an i n h e r e n t  v e r s a t i l i t y  of i n p u t  format ( s e r i a l  o r  
p a r a l l e l ) .  
A ve ry  f a s t  f u l l y  p a r a l l e l  incoherent  o p t i c a l  m u l t i p l i e r  was developed a t  Stan- 
f o r d  ( r e f s .  2 and 3 )  and t h i s  dev ice  has  been shown t o  b e  capable  of performing com- 
plex-valued arithmetic on v e c t o r  format ted  d a t a  a r r i v i n g  i n  p a r a l l e l  t o  t h e  processor  
i n p u t s .  
There i s  a cons ide rab le  number of a p p l i c a t i o n s  f o r  processors  of t h i s  s o r t  how- 
ever t h e r e  i s  a need t o  extend t h e i r  c a p a b i l i t y  f o r  two-dimensional paral le l  d a t a .  
Indeed one can understand t h e  i n t e r e s t  i n  speeding real  t i m e  p rocess ing  c a p a b i l i -  
t ies  i n  t h e  con tex t  of reconnaissance  s e n s o r s ,  two-dimensional beamforming, e t c .  
This work addresses  t h e  l a t t e r  case .  We propose an ex tens ion  of t h e  concepts  
developed e a r l i e r  t o  t h e  new gene ra t ion  of matr ix-matr ix  m u l t i p l i e r s  us ing  incoher- 
e n t  l i g h t .  This new technology has  the  p o t e n t i a l  o f  address ing  problems involv ing  
two-dimensional mathematical  t ransforms,  two-dimensional p a t t e r n  r e c o g n i t i o n ,  and 
high-speed process ing  of s y n t h e t i c  a p e r t u r e  r a d a r  d a t a  among o t h e r s .  
SYSTEM ARCHITECTURE 
Let  us then  cons ider  t he  mat r ix  m u l t i p l i c a t i o n  
,C,= , A , , B ,  ( 1 )  
w h e r e A i s  an  M x K ma t r ix ,  a n d & a n d & a r e  K x N and M x N ma t r i ces  r e s p e c t i v e l y .  
The element c, i n  t he  m-th row and n-th column i s  given i n  t e r m s  of  t he  e l e -  
ments gmk O f  ,&and bkn Of &by  
K-1 
c mn =l 
k=O 
a b  
mk kn 
A mat r ix  can ,  of  cour se ,  be viewed a s  an ordered c o l l e c t i o n  of  column v e c t o r s .  
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t h e  mat r ix  product ,C,=,A, ,B,becomes t h e  sum of N mat r ices  C whose only non-zero 4 elements  a r e  i n  i t s  n-th column. I n  consequence, t h e  m a t r i x  product,C,can be seen 
a s  an ordered c o l l e c t i o n  of  column v e c t o r s  each of which i s  t h e  product of &by t h e  
corresponding column v e c t o r  o f &  
pressed a s  a series of  matr ix-vector  m u l t i p l i c a t i o n s .  The technology developed f o r  
t h e  incoherent  o p t i c a l  matr ix-vector  m u l t i p l i e t  ( r e f .  2 )  can then  be extended t o  
t h i s  new a p p l i c a t i o n .  
A,matr ix-matr ix  m u l t i p l i c a t i o n  can then  be ex- 
The concept h e r e  is  t o  combine N matr ix-vector  m u l t i p l i e r s  i n  a s i n g l e  proces- 
s o r .  The phys ica l  r e a l i z a t i o n  of  t h i s  a r c h i t e c t u r e  is  depic ted  i n  F igure  1. 
The.elements of mat r ix  & are  en tered  a s  i r r a d i a n c e  va lues  of  a two- 
dimensional incoherent  a r r a y  t h a t  may be r e a l i z e d  us ing  narrow-band l i g h t - e m i t t i n g  
diodes ( L E D ) ,  l a s e r  d i o d e s ,  o r  even an a r r a y  of po l i shed  o p t i c a l  f i b e r  ends.  The 
elements  of mat r ix ,h ,a re  encoded a s  t ransmiss ion  v a l u e s  of an o p t i c a l  t ransparency 
o r  as r e f l e c t e d  va lues  of an o p t i c a l l y  r e f l e c t i v e  device .  I n  e i t h e r  c a s e ,  i t s  im-  
p lementat ion can be f i x e d  i n  t i m e  ( e . g . ,  a f i l m  t ransparency)  o r  it can  vary  with 
t i m e  ( e . g . ,  a r ea l  t i m e  o p t i c a l  modulator).  
The f i r s t  block of o p t i c s  ( f i g u r e  1) images h o r i z o n t a l l y  t h e  inpu t  a r r a y L o n t o  
t h e  o p t i c a l  mask A and spreads v e r t i c a l l y  t h e  l i g h t  of each l i g h t  source along t h e  
corresponding v e r t i c a l  column. F igure  2 i l l u s t r a t e s  t h e  i l l u m i n a t i o n  produced by 
t h e  c e n t r a l  column of  a 3 x 3 inpu t  mat r ix  on a 3 x 3 mask. The l i g h t  t ransmi t ted  
through t h e  mask encodes a l l  t h e  p o s s i b l e  inner  products  of t h e  column v e c t o r s  of  
t h e  inpu t  mat r ix  by a l l  t h e  row v e c t o r s  of t h e  s t o r e d  mat r ix .  
u 
The second block of o p t i c s  ( f i g u r e  1) i n t e g r a t e s  t h e s e  inner  products  and 
focuses  t h e  l i g h t  on t h e  proper  output  a r r a y  l o c a t i o n s  -- imaging v e r t i c a l l y  and 
focus ing  h o r i z o n t a l l y  onto t h e  v e r t i c a l  column corresponding t o  t h e  p a r t i c u l a r  
- - ~  
.L 
" A t  t h i s  s t a g e ,  we assume t h a t  t h e  elements o f A a n d  & a r e  r e a l  and non- 
n e g a t i v e .  Later,  we w i l l  remove t h i s  r e s t r i c t i o n .  
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h o r i z o n t a l  row a t  t h e  inpu t .  This i s  a demanding ope ra t ion  t h a t  can be more c l e a r l y  
v i s u a l i z e d  i n  t h e  case  of a 3 x 3 matr ix .  We i l l u s t r a t e  i n  f i g u r e  3 how we o b t a i n  
the  ou tpu t s  (1, 1) and ( 3 ,  2 ) .  The output  ( 3 ,  2 )  can r e a d i l y  be seen a s  the  inne r  
product of t h e  3-rd row of m a t r i x A a n d  t h e  2-nd column of mat r ix ,B,as  would b e  
expected. F i n a l l y ,  f i g u r e  4 shows t h e  l i g h t  path through a p a r t i c u l a r  c e l l  i n  t he  
s to red  mask. 
ments of t h e  k-th row of i npu t ,B ,on to  t h e  elements of t he  m-th row of ou tpu t& 
The element amk ( t h e  c e n t r a l  element i n  t h i s  example) maps t h e  e l e -  
OPTICAL IMPLEMENTATION 
The o p t i c s  b lock  l a b e l e d  "Optics  I" i n  f i g u r e  1 has  t h e  same requi rements  as t h e  
mask i l l u m i n a t i o n  of t h e  incohe ren t  o p t i c a l  mat r ix-vec tor  m u l t i p l i e r  ( r e f .  3 ) .  I n  
t h e  lat ter case, a d i s c r e t e  set of classical d i s c r e t e  o p t i c a l  e lements  i n  one ver-  
s i o n  and an  a r r a y  of multimode p l ana r  waveguides i n  another  v e r s i o n  w e r e  used .  I n  
t h e  p r e s e n t  case, a ve ry  s i m i l a r  form of t h e  classical  d i s c r e t e  o p t i c a l  components 
approach mentioned could  c e r t a i n l y  b e  used. 
The second block of o p t i c s  -- Opt ics  I1 -- has  more demanding requi rements .  I n  
e f f e c t ,  i t  must s t e e r  t h e  l i g h t  t r ansmi t t ed  by each c e l l  i n  t he  s to red  mask t o  a l l  
N elements i n  t h e  corresponding row of t he  output  d e t e c t o r  a r r ay  ( f i g u r e  4 ) .  Holo- 
graphic  o p t i c a l  e lements  can be used a s  t h e  s t e e r i n g  beam devices  i n  t h i s  t y p e  of 
processor .  An example of t h e  a p p l i c a t i o n  of t h i s  technology was shown by S. Case 
and h i s  co-workers i n  t h e  paper "Mul t i face t  Holographic Op t i ca l  Elements , I 1  presented  
a t  t h e  Op t i ca l  Soc ie ty  of America Annual Meeting i n  October 1980 (Abs t r ac t  i n  
J . O . S . A . ,  - 1 2 ,  1980). 
I n  t h i s  con tex t ,  w e  sugges t  the  geometry dep ic t ed  i n  f i g u r e  5 where each narrow- 
band l i g h t  source  and each c e l l  of t h e  s t o r e d  mask are loca ted  behind a holographic  
o p t i c a l  element (HOE). This i s  a w e l l  e s t a b l i s h e d  technology with the  p o t e n t i a l  
f o r  a h i g h l y  e f f i c i e n t  l i g h t  management. 
COMPLEX-VALUE D ARITHMETIC 
It is ,  of course ,  important  f o r  a processor  t o  have t h e  c a p a b i l i t y  t o  perform 
complex-valued ope ra t ions .  
u l a t e s  l i g h t  i n t e n s i t i e s  which are real-valued and non-negative i n  na tu re .  
f o r  encoding complex numbers similar t o  those  used i n  t h e  incoherent  o p t i c a l  ma- 
t r i x - v e c t o r  m u l t i p l i e r  ( r e f .  4 )  can b e  app l i ed  he re .  
The incoherent  o p t i c a l  p rocessor  w e  r e p o r t  h e r e  manip- 
Methods 
The complex-valued a r i t h m e t i c  c a p a b i l i t y  b u i l t  i n  t h i s  processor  i s  an immediate 
ex tens ion  of t h e  schemes u t i l i z e d  be fo re ,  and f o r  completeness,  we w i l l  b r i e f l y  
e l a b o r a t e  two p o s s i b l e  methods. 
A. Three Vector Decomposition 
-I__- 
Each complex q u a n t i t y  i s  decomposed uniquely a long  t h e  t h r e e  phasors  1 - e x p  [ j O ] ,  
1 -exp  [ j 2 n / 3 ]  and leexp [ j 4 ~ / 3 ] .  There i s  more than one way to  perform t h i s  decom- 
p o s i t i o n  ( r e f .  4 ,  Appendix A) but w e  do not  need t o  dwell  on i t  h e r e .  
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The t h r e e  mat r ices  can be decomposed accord ing  to  
2Tr 4.rr 
j ,  j F  ' O + B  e + B2 e B = B  eJ 
d U - 0  U 
where t h e  elements  of  t h e  d i f f e r e n t  mat r ix  components are  a l l  real-valued non- 
nega t ive  q u a n t i t i e s .  
The matrix-matrix m u l t i p l i c a t i o n  , C , = , A , , B  ,can now be expressed i n  terms of t hese  
q u a n t i t i e s  a s  
from which t h e  output  complex-valued m a t r i x  C can be obta ined  a f t e r  t h e  proper  re- 
combination o f  i t s  r e a l  valued and non-negative components C o  u 5 and C 2 .  
U' U 
The p r o c e s s o r ' s  c o n f i g u r a t i o n  i s  shown i n  f i g u r e  6,where we have omi t ted  t h e  
o p t i c s .  Eie s i z e  of t h e  i n p u t  and o u t p u t  a r r a y s  i n c r e a s e s  by a f a c t o r  of  3 and t h e  
s t o r e d  mask by a f a c t o r  of 9 .  
B. Biased Real and Imaginary P a r t s  Decomposition - .- ----- 
Another encoding scheme decomposes each complex q u a n t i t y  i n t o  i t s  real and 
imaginary p a r t s  and adds t o  t h e s e  a b i a s  t e r m .  
,&and& can then  be decomposed i n t o  t h e i r  real  and imaginary p a r t s .  
,A,= AR + j A  
U J1 
and we can e x p r e s s L a s  
( 6 )  
Assuming known t h e  dynamic range of t h e  elements  of t h e  r e a l  and imaginary p a r t s  
o f&and& we a s s i g n  a b i a s  mat r ix  3 t o  m a t r i x A a n d  a b i a s  m a t r i x  BB t o  matr ix&. 
U 
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These b i a s  mat r ices  have c o n s t a n t  e lements .  A l l  e lements  i n  the  same column a r e  
i d e n t i c a l ,  bu t  they can va ry  from column to  column. 
I f  now we  conf igu re  t h e  system as i t  i s  shown i n  f i g u r e  7 ,  t h e  de t ec t ed  o u t p u t s  
a r e  given by 
r 1 
r 
(8a )  
The r ea l  and imaginary p a r t s  C and C of the  product ,C, (g iven  by equa t ion  ,R, I, ( 4 ) )  can  be obta ined  from equa t ions  ( 8 a )  and (8b) 
(9a )  
(9b)  
I n  each equa t ion ,  t h e  f i r s t  b racke t  is  known a p r i o r i  and i t  can be e l ec t ron -  
i c a l l y  r ep resen ted  by a f ixed  v o l t a g e .  The second b racke t  can be measured, adding 
an ex t ra  t r a n s p a r e n t  row t o  t h e  s t o r e d  mask. Hence, w i th  proper  and s t r a i g h t f o r w a r d  
pos t -de t ec t ion  e l e c t r o n i c s ,  one o b t a i n s  t h e  des i r ed  product  r ea l  and imaginary 
p a r t s .  
SYSTEM PERFORMANCE ESTIMATE 
A t  t h i s  s t a g e  of t h e  system development, we address  ou r se lves  only  t o  t h e  major 
performance parameter  -- t h e  d a t a  throughput .  
We can  reasonably  p o s t u l a t e  t h a t  i t  w i l l  be f e a s i b l e  t o  b u i l d  matr ix-matr ix  mul- 
t i p l i e r s  w i th  complex-valued ma t r i ces  wi th  s i z e s  l a r g e r  than 100 x 100. Without 
be ing  o v e r l y  o p t i m i s t i c ,  w e  can env i s ion  t h e  e l e c t r o n i c s  s i d e  of  such p rocesso r s  
be ing  d r iven  a t  c lock  rates g r e a t e r  than 100 MHz. This  impl ies  d a t a  throughput 
r a t e s  exceeding 1 O I 2  complex-valued samples per  second. This  i s  a t  l eas t  two 
degrees  of  magnitude h i g h e r  t han  throughput  r a t e s  obta ined  w i t h  matr ix-vector  
m u l t i p l i e r s .  
AP P L I CAT I ON S 
The p a r a l l e l  p rocess ing  c h a r a c t e r  of t h i s  processor  i s  an e s s e n t i a l  f e a t u r e  t h a t  
i s  extremely u s e f u l  when a l a r g e  number of input  channels  a re  p r e s e n t  
s imul taneous ly .  
A l a r g e  number of problems d e a l i n g  wi th  ma t r ix  m u l t i p l i c a t i o n  can be implemented 
wi th  t h i s  processor .  We may r e f e r  problems involv ing  F o u r i e r  t ransforms (beam 
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n u l l i n g ,  beamforming), image process ing  problems ( p a t t e r n  r e c o g n i t i o n ,  f i l t e r i n g ) ,  
and s i g n a l  i d e n t i f i c a t i o n  ( s i g n a t u r e  reconnaissance) ,  t o  name j u s t  a few. 
I n  t h i s  work, we w i l l  s i n g l e  o u t  two fundamental mathematical  a p p l i c a t i o n s  t h a t  
may be implemented us ing  t h i s  technique. 
A .  Two-Dimensional Transforms -. -.----I 
L e t  us  c o n s i d e r  a two-dimensional a r r a y  i ( k ,  1 )  assuming va lues  i n  t h e  rectangu-  
l a r  range k = 0 ,  1, . . ., N - 1, 1 = 0 . 1 ,  . . ., N - 1. A two-dimensional t r a n s -  
form over  t h i s  a r r a y  produces a second a r r a y  o ( m ,  n )  g iven  by 
N - 1  M-1 
o(m, n )  = 1 1 t(m, n ,  k ,  1 )  i ( k ,  1) 
k=O 1=0 
m = 0 , 1 ,  . . . ,  N - 1  
n = 0 ,  1 , .  . . , M -  1 
where t(m, n ,  k ,  1 )  i s  t h e  t ransform k e r n e l .  
We assume t h e  k e r n e l  t(m, n ,  k ,  1 )  i s  s e p a r a b l e  
We can then express  o(m, n )  a s  
N - 1  M-1  
and f a c t o r i z i n g  h ( n ,  1) and performing f i r s t  t h e  sum over k ,  w e  o b t a i n  
The sum over  k i s  a mat r ix  product ( s e e  equat ion  ( 2 ) )  producing t h e  i n t e r m e d i a t e  
r e s u l t  
N- 1 
s(m, 1) = 1 v(m, k ) i ( k ,  1 )  
k= 0 
which can be w r i t t e n  i n  m a t r i x  n o t a t i o n  
, S , = , V , , I ,  
(10) 
( 1 4 )  
(15 )  
w h e r e A i s  t h e  i n p u t  m a t r i x ,  & i s  t h e  t ransform k e r n e l  m a t r i x  a long  t h e  columns and 
& i s  t h e  in te rmedia te  mat r ix .  The output  can then be  expressed a s  
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M- 1 
o(m, n) = h ( n ,  l > s ( m ,  1) 
1=0 
o r  i n  mat r ix  n o t a t i o n  
( 1 6 )  
where & i s  t h e  t ransform k e r n e l  mat r ix  a long t h e  rows and,0, is  t h e  o u t p u t  mat r ix .  
Equation ( 1 7 )  shows t h a t  two mat r ix  m u l t i p l i c a t i o n s  i n  sequence can implement a 
two-dimensional t ransform ( a s  g iven  by equat ion  ( 1 0 ) )  when t h e  t ransform k e r n e l  i s  
separable .  
The immediate a p p l i c a t i o n  t h a t  comes t o  mind i s  t h e  two-dimensional d i s c r e t e  
F o u r i e r  t ransform (DFT). The d i s c r e t e  F o u r i e r  t ransform k e r n e l  i s  given by 
t(m, n, k ,  1) = exp 
27rmk 
N 
- j  -
h ( n ,  1) = exp - 27rnl M . j  -
exp - 2anl j M  (18) 
F i g u r e  8 i l l u s t r a t e s  a b a s i c  c o n f i g u r a t i o n  €or  a two-dimensional DFT implemented 
wi th  two ma tr ix-ma tr i x  mu 1 t i p  1 iers  . 
B. I t e r a t i v e  Process ing  
Another s i g n i f i c a n t  a p p l i c a t i o n  of incoherent  o p t i c a l  matrix-matrix m u l t i p l i e r s  
i s  i n  t h e  a r e a  o f  i t e r a t i v e  process ing .  F igure  9 shows a b a s i c  c o n f i g u r a t i o n .  
There are several p o s s i b l e  u s e s  f o r  i t e ra t ive  techniques.  Important  examples 
are t h e  phase re t r ieval  problem r e l a t e d  t o  imaging through turbulence  ( r e f .  5) 
and the implementat ion of some numerical  methods for matrix i n v e r s i o n .  
T h i s  work w a s  performed under a n  ERIM i n t e r n a l  r e s e a r c h  program. 
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Figure  1.- Basic b lock  form of t h e  incoherent  o p t i c a l  matr ix-matr ix  m u l t i p l i e r .  
F igure  2.- Example o f J 3 t o  & i l l u m i n a t i o n .  For s i m p l i c i t y  sake  w e  w i l l  r e f e r  
t o  m a t r i x A a s  t h e  s t o r e d  mask, though it  may be v a r i a b l e  wi th  t i m e .  
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Figure 5.- Matrix-matrix multiplier. Implementation with holographic 
optical elements. 


















F i g u r e  9.- I t e ra t ive  p rocesso r .  
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